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INTRODUCTION
The main problem in the theory of non-linear stationary elasticity is to find a position of equilibrium of an elastic body subjected to a given system of applied forces. This problem admit s two mathematical models : a boundary value problem associated with a system of partial differential équations, or a minimization problem of a functional (the « energy » of the system). It is shown that there exists a solution of the first model by means of the implicit function theorem, for some special boundary conditions. It is also possible to establish the existence of a minimizer of the energy using, among other things, the assumption of polyconvexity introduced by Bail [1977] , even if this procedure provides solutions that are not smooth in gênerai. Our aim is to show that for some hyperelastic materials (including Ogden and St. Venant-Kirchhoff materials), the solution given by the implicit function theorem is a local minimum of the energy functional with respect to the topology of the space W lj °°, while in W l>p , 3 </> < + oo it can only be said that it is a stationary point of the total energy. In paragraph 6 it is shown that if the stored energy function is polyconvex, then the trivial solution is a minimizer of the energy in any Sobolev space W 1 ' p , 3 ===/? === + oo.
In the following, we shall briefly describe the non-linear three-dimensional elasticity problem and the basic existence results that will be needed later (for a more précise description, see Ciarlet [1987] , Marsden-Hughes [1983] , Wang-Truesdell [1973] ).
Let us first specify the various notations we shall use, concerning notably vectors, matrices and function spaces.
As a rule, Latin indices, z,/,..., take their values in the set {1, 2, 3} . The repeated index convention for summation is systematically used, in conjunction with the above rule.
The usual partial derivatives will be written 9 ( -= -, 9 t; -= . We write V and div for the gradient and divergence operators in R n : for a vector field w, Vu is the tensor field with components (Vw) ( -; = 9 ; «, ; for a tensor field S, div S is the vector üeld with components 9 / -5 I -y. Given (x, r) for the open bail of radius r centered at x in the space [W m^( fl)] . Let ft be a bounded open connected subset of R 3 whose boundary T is « sufficiently smooth». We will use v = (v t ) to dénote the unit outer normal vector along the boundary F. We consider an isotropic, homogeneous elastic body which in the absence of applied forces occupies the référence configuration Û. We assume that the body is subjected to volumic forces, of density ƒ=(ƒ,-) on ft, and to surface forces, of density g = (g t ) on the portion T x of the boundary F. When subject to applied forces, the body occupies a deformed configuration <t>(Ü), characterized by a mapping <| > : Ù -> R 3 that must be, in particular, orientation-preserving in the set Ö, and injective on the set ü, in order to be physically acceptable. Such mapping <)>, unknown of the elasticity problem, is called déformation. We will assume that both kind of applied forces are dead loads, i.e., both densities are independent of the déformation $ to which the body is subjected.
Combining the équations of equilibrium in the référence configuration, expressed in terms of the first Piola-Kirchhoff stress tensor, with the définition of an elastic material, and assuming fixed the déformation 4> on the portion F o = F\F 1 of the boundary, we obtain the following non-linear boundary value problem :
where f : M+ -• M 3 is the response function associated with the first PiolaKirchhoff stress tensor, and M+ = {F e M 3 ; det F > 0} . Equations (1.1), (1.2) are formally équivalents to the principle of virtual work in the référence configuration, expressed by the équation
valid for all sufficiently regular vector fields 0 : Ü -+R 3 which vanish on F o . In (1.4) « : » dénotes the matrix inner product A : B = A i} -B^-, and « • » the Euclidean inner product.
If we assume that the material is hyperelastic, i.e., the re exists a stored energy function W : M+ -• R such that : The functional VK is called the strain energy, while the functional / is called the total energy. In conséquence, particular solutions may be obtained by looking for minimizers of the total energy, i.e., for particular déformations <f > that satisfy (1.9) <J > = <j >o on T o and ƒ(<)>) = inf
The constitutive law for elastic materials, expressed above in terms of the first Piola-Kirchhoff stress tensor f (F), can be also written in terms of the second Piola-Kirchhoff stress tensor t(F) = F~l f (F). The RivlinEricksen theorem insures the existence of a function X : S 3^ -» S 3 (S 3 dénotes the set of all symmetrie matrices of order 3, and S 3 those positive definite) of the form
such that 2(C) = %{F) for all F e Ml, y a being real-valued functions of the three principal invariants of C. If the functions y a are differentiable at the point // = (3, 3, 1) and the référence configuration is a natural state (Ö is an unstressed state), then there exist constants X, M-such that X (C ) admits the development :
The matrix C is called the right Cauchy-Green strain tensor, while the matrix E is called the Green-St. Venant strain tensor. As already noted, the tensor %(E) = %(I + 2 E) is defined only for the tensors E that belong to the set which is a neighbourhood of the origin in the space S 3 . In order to simplify the présentation, we shall assume that the tensor % can be extended with regularity to all M 3 , but, except for notational technicalities, all of the results in this paper are also valid for the constitutive laws X defined only in S (cf. Ciarlet [1987] ). The implicit function theorem allows us to establish the existence and uniqueness of small solutions to boundary value problems (l.l)-(l-3) with r x = 0 and small body forces (a pure displacement problem). is the displacement associated with the déformation <}>(ƒ)
D
The déformation <(>(ƒ) given by theorem 1.1, is acceptable physically in the sense that it preserves the orientation and it is injective. This analysis can be also applied to pure traction problems (F o = 0 ), but in this case it is necessary to introducé certain compatibility conditions with regard to the applied forces (cf. Wan [1982, 1983] , Le Dret [1985] ). The need for a W 2 > p , p > 3-regularity for the solutions of the corresponding linearized system limits the domain of application of this result and it is, for example, impossible to apply it to mixed problems of displacement-traction, except in some very particular cases. The extension of the theorem 1.1 to constitutive laws 2 defined only in a neighbourhood of the origin (in order to take into considération singular behavior when det F -+ 0 + ) offers no difficulty (cf Ciarlet [1987] ).
If the material is hyperelastic, particular solutions may be obtained as minimizers of the energy over an appropriate set of functions. However, the non-convexity of the stored energy function W (convexity is incompatible with the axiom of the material frame-indifference and with the singular behavior as det F -> 0 + ; cf Ciarlet [1987, theorem 4.8-1] ) is an obstacle to the application of classical existence theorems in convex analysis. In order to résolve this difficulty, Bail [1977] introduced the concept of polyconvexity. A function W : M\ -• R is polyconvex if 
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given in such a way that the set
is not empty. Consider finally the total energy functional defined in (1.9) and assume that : A restriction of this existence resuit is that it is not known whether the solutions of the associated minimization problem verify, even in a weak sense, the equilibrium équations. A search of the literature reveals that in gênerai the theorems guaranteeing this make stronger growth assumptions on the stored energy than are necessary to prove existence. Furthermore, even if the solutions obtained verify det V<( > > 0 a.e. in H, additional conditions are needed to insure the global injectivity of <f > (see Bail [1981] and Ciarlet-Necas [1985] ).
Contrary to the existence resuit obtained by the implicit function theorem, hère are no restrictions on the magnitude of the applied forces nor on the types of boundary conditions : the mixed displacement-traction problem, pure displacement and pure traction. In the last case, it is necessary to include an additional condition into the définition of set A (1.16), such as f \\t dx = e Ja e being a constant vector in R 3 , in order to preserve the coercivity of the total energy (Bail [1977] ).
POSITIVITY OF THE SECOND DERIVATIVE OF THE TOTAL ENERGY AT THE SOLUTION FOUND BY THE IMPLICIT FUNCTION THEOREM
Let us consider a hyperelastic, homogeneous and isotropic material, with stored energy function W, whose référence configuration fi is a natural state. It is shown here that if the response function associated with the Cauchy stress tensor satisfies some particular assumptions, which are satisfied by Ogden and St. Venant-Kirchhoff materials, the second derivative of the energy functional is positive definite at the solution found by the implicit function theorem.
Throughout this article, the stored energy function will be expressed in terms of the three principal invariants of the right Cauchy-Green strain tensor C = F T F, or equivalently, in terms of the Green-St. Venant strain tensor E = -(C -/). We use the following notational de vices to indicate which functional dependence is considered : 
The mapping is well defined, because the Sobolev space W ltP (il) is an algebra for p>3 (see e.g. Adams [1975] ) and furthermore it is of class C 1 when 2 e C 2 (M 3 ,M 3 ) (cf. Valent [1979] 
I»(u)(v,d) =
If ƒ = 0, the function w(0) = 0 is the unique solution of the boundary value problem (2.6) in the neighbourhood U p aV p of the origin. The associated déformation gradient is the identity ; hence from lemma 2.3, it can be deduced that there exists a > 0 such that Proof: A Taylor expansion of the functional / around u{f) yields : 
= f ^(/)(V9,Ve)^ f
(3.4) 7(u(/) +!>)-/(«(ƒ))= \\l-t)I»(u(f) + tv)(v,v)dt.
xeü.
for ail »elî (o,5|
Consequently, the matrices (/ + V x ii(f) + t(Vv)), 0 ^ r =s 1, are invertible for almost all x e H, and thus :
(3.8) «(ƒ) + «? e A 00 , O^r^l.
In conclusion, relation (3.4) make sensé for ail v e B oe ( 0, -1. Furthermore, the operator :
(3.9) / ff :A oois continuous, hence there exists a positive number p' ^ p o /2 such that for ail vectors ue^^p'):
P being the positive constant given by theorem 2.2. From (3.4) and (3.10) it then follows that Proof: From theorem 3.1 it can be concluded that for each ƒ e F 00 , there exists e > 0 such that :
i.e., «(ƒ) is a strict local minimum of the total energy. Furthermore, for all
and, since (/ + t Vv
and W is of class C 3 , it follows that 2) Pure traction problem : in this case, it is necessary to assume that the applied forces verify the compatibility condition, vol. 24, n° 1, 1990 for ail v e W -{v e [H^ü)] 3 ; e(ü) = 0} , where e(v) is the linearized strain tensor. In this case, the analysis must be carried out in the quotient space V P (Q) defined by 3) Mixed displacement-traction problems, when F o n T 1 = 0 .
EXAMPLES : ST. VENANT-KIRCHHOFF AND OGDEN MATERIALS
In this paragraph, we show that the constitutive équations for St. VenantKirchhoff and Ogden materials verify the hypotheses of theorems 2.2 and 3.1.
The constitutive law of a St. Venant-Kirchhoff material is (4.1)
t(E) = \(tr£) I + 2|x£, X => 0 and |x => 0 being the Lamé constants of the material. It is an elastic, homogeneous material and its référence configuration is a natural state :
The response function associated with the second Piola-Kirchhoff stress tensor is :
This shows that this material is isotropic and it vérifies the axiom of material frame-indefference. Furthermore, it is hyperelastic, and its stored energy function is defined by :
or equivalently by :
The function Se C CO (M 3 , M 3 ) and it thus satisfies the hypotheses of theorem 1.1; in f act it is the simplest example of a constitutive law that 4.6) t
(E) = \(tr E)
for arbitrary Lamé constants X :> 0 and JJL => 0. The existence of the stored energy functions verifying (4.6) is guaranteed by the following result due to Ciarlet-Geymonat [1982] . In addition, the constants a and 6 are given by : (Ct)] 3 , p s= 6, in order that the energy functional be finite.
We shall now verify that for stored energy functions of the form (4.6), the hypotheses of theorem2.2 hold. The stored energy function is given in terms of the three principal invariants of the right Cauchy-Green strain tensor by (4.9) \ for all i c e i (*! (4.10)
•W 2 (C) + ru// 3 (C'))+e. + ao (p 0 being dependent on the constitutive law of the material, it simply has to be large enough so that the energy is finite). Nevertheless, this condition only allows us to state that u is a local minimum of the energy in [Wo >00 (fl)] 3 , as this result is generally false in the topologies W liP (£l), p Q *zp <: + 00.
Let W : i (S 3 ) -• R be stored energy functions of gênerai form :
where the constant k is > 0. We first observe that the référence configuration is a natural state, as is easily verified from the following relations :
(5.2) ô 1 (/ c ) = This shows that / (w ) is <: 0 for 7 > 0 and n sufficiently large. On the other hand, for 12 ^p < + 00, we have :
5(8) db
and hence on setting a :> 7 (p -1 ) =2= 0, we see that \ü\ === e may be made arbitrarily small with increasing n.
We observe, finally, that each choice of U has positive determinant of the déformation gradient, hence it is an admissible déformation.
Remark 5.1 : The stored energy function W given by (5.1) is not polyconvex, basically because there is a minus sign in front of the function 2(h(C) -2 \JhiÇ) ~ h(C)) 2 -We shall prove this by contradiction.
Assume that the stored energy function W : Ml -> R is polyconvex. By using a characterization of polyconvex functions given by Bail [1977, theorem4.4 
